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Abstract. Mapper is a topological construction similar to a Reeb graph,
and is used to summarize the shape of a dataset as a (generalized) graph.
Formally, mapper can be constructed for any connected space and algo-
rithms have been developed to compute mapper for point clouds and
2D images. In this paper, we extend mapper to 3D volumetric images.
We use our algorithm to compute mapper for scans of barley generated
using computed tomography. We demonstrate the flexibility of the con-
struction by highlighting different aspects of the morphology through
different choices of starting parameters. Applying mapper to this type
of data provides an integrated means of visualization, segmentation and
clustering, and can thus be used to study the topology of any 3D object.

Keywords: Topological Mapper - Image Processing - Computed Tomography -
Topological Data Analysis

1 Introduction

Mapper is a construction from topological data analysis [3JT0/T5] that generates
an abstract simplicial complex from data. Traditionally, mapper bins a point
cloud based on a filter function, clusters the points inside each bin and builds
a simplicial complex based on how the clusters of different bins overlap [27].
Statistically, mapper is an optimal estimator of a Reeb graph [4/T6], which sum-
marizes connected components of functions on manifolds [22l26]. For surfaces
with genus 0, a Reeb graph reduces to a contour tree [7].

While mapper was originally defined for point-clouds, the idea can be applied
to any dataset in a metric space. Some applications of mapper include visual-
ization, clustering and classification. For example, mapper has identified a new
subtype of breast cancer [I8]. Mapper has also been used to mine data related
to spinal chord and traumatic brain injuries [I9]. The more general concept of a
Reeb graph has been used for phenotyping root architectures [I4] and compar-
ing cortical surfaces in brain scans [25]. Mapper graphs can be constructed from
Reeb graphs, which can be constructed in O(nlogn) time [7].
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Fig. 1. Mapper applied to a 3D volumetric image, filtered by height. The preimages
of cover elements along the range are clustered to form vertices in the mapper graph.
Edges are defined by overlap between clusters.

Recently, a version of mapper was developed for 2D images [24]. We ex-
tend this algorithm to voxel-based images in 3D, called volumetric images. In
particular we clarify how the domain of an image is connected after imposing
a lattice graph, which naturally defines clusters as connected components. We
also explain different parameters used to generate an open interval cover. To our
knowledge, this is the first time mapper has been applied to volumetric images.

As an example we apply mapper to a volumetric image obtained through
X-ray computed tomography (CT) on a barley spike. Different choices of filter
functions and cover elements reveal different aspects of the morphology and
structure of barley.

2 Background

Mapper separates data using a filter function, performs clustering, and outputs
a simplicial complex describing how clusters overlap. A simplicial complex can
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be thought of as a generalization of a graph; that is, a combinatorial object with
vertices and edges, but also triangles, tetrahedra, and higher dimensional ana-
logues. However, the reader not familiar with this concept can internally replace
“simplicial complex” with “graph” for this paper as we will immediately restrict
our constructions of interest so that all simplicial complexes are 1-dimensional.

The general mapper construction uses the concept of the nerve of a cover
[13] §3.3]. Given an open cover of a topological space (a collection of open sets
whose union contains the space), the nerve is a skeleton that summarizes the
intersections of the cover elements. For ease of notation throughout, define [N] :=
{1,2,...,N}.

Definition 1. Let the collection U = {U,}Y_; be an open cover of a topological
space X. The nerve of U, written Nru(ld), is the simplicial complex with vertex
set [N], for which {a1,as,...,ar} C [N] spans a k-simplex in NroUd) if and

only if ﬂ?:l Ua, # 0.

To define mapper, consider a real-valued function f on some topological space
(this is commonly called a filter function) and choose an open cover of the range
of f. Mapper is the nerve of the components of the preimages (under f) of
the cover elements. Note that if there are no triple intersections between these
preimages, then all of the simplices in the nerve will be of degree 0 or 1, i.e. the
nerve is a graph.

Definition 2. Let X be a connected topological space and let f: X — R be a
continuous function. Choose an open interval cover U = {U,}N_; of f(X) such
that Uy, N Uy NUgyr = B for all distinct Uy, Uyr, Uy € U. Let V be the cover
of the domain of f whose elements are the connected components of f=1(U) for
allU e U. The mapper graph is

M(X, f,U) := Nru(V).

One important difference to note between our definition and the original
definition from [27] is that we assume our input data is a continuous function
on a topological space, while the original definition was given for point cloud
data (or more generally, finite metric space data). This actually simplifies the
construction as it means that no choice of clustering method is required; this
will be further discussed in Sec. Bl

3 Topological Mapper for 3D Images

Imaging methods such as magnetic resonance imaging (MRI) and CT generate
3D volumetric images. Volumetric images are 3D arrays of intensity values, which
roughly correspond to the density of the object in a particular spot. Each cubical
cell in the image is called a wvozel, which is analogous to the concept of a pizel
in a 2D image. See Fig. [I] for an example of the full construction.

Applying mapper to volumetric images follows the basic construction in Sec-
tion [2, except that the structure of the domain warrants a careful approach to
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Fig. 2. Standard structuring elements for 3D lattices.

connectivity. Denote an m x n x p cubical lattice by Ly, », = [m] x [n] x [p].
An m x n x p volumetric image P is a function P: L., ,, — R and a set of
input coordinates (i, 7, k) is called a voxel coordinate. Elements in the range of P
are intensity values given by the method used to create the scan (e.g. CT or
MRI).

3.1 Structuring Element

There are various ways in which one can define connectivity between the voxel
coordinates. We capture such a model of connectivity using a graph on Ly,
that specifies the pairs of points that are adjacent. In the models of connectivity
we consider, the edges of the graphs are based on the relative coordinates between
points. That is, there is an edge between two points if the difference between
those points lies in a given set D. Following the usual convention in 2D [I7], we
refer to D as the structuring element, and define the voxel connectivity graph G =
(V. E) by

V::Lm,n,p7
E:={(u,v) e VxV|u—veD}

The L,-norm of a point = (1, ..., z;) € R¥ is given by ||z, = (Zf:l | |P)/P.
Standard structuring elements for a k-dimensional lattice include the sets D =
{z ] 0 < ||z|]2 < v/r} for r € [k]. Further natural structuring elements are the
sets D = {z | [|z]; < r and ||z« = 1} of points simultaneously at distance 1 in
the Loo-norm and at distance at most r from the origin in the Li-norm for r € [k].
For k < 3, these two models of connectivity are identical for each r. For r = 1, 2,
and 3, these structuring elements are illustrated in Fig. |2} and are called 6-, 18-,
and 26-connectivity, respectively.

In practice, the vertex set V is chosen to be a subset of Ly, ., that only
includes the foreground of the image. This is commonly done by thresholding
the image (setting intensity values in some range equal to 0). In this paper we
use 26-connectivity (“full connectivity”) on interior voxel coordinates.
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Fig. 3. Examples of fixed-width and percentile intervals over the range of the fil-
ter f:[0,1] — [0,1] given by f(x) = y/z. We consider three parameters for cover
elements: the type of scheme (evenly-spaced or percentile), the number of cover ele-
ments (¢ + 1) and the amount of overlap, or gain («).

3.2 Cover Elements

We suggest two heuristics for choosing intervals {(ao,bo), (a1,b1),. .., (aq,bq)}
to cover the range of a filter function f: X — R. See Fig. [] for examples of these
constructions.

First we define evenly-spaced intervals over the range. Suppose that f(X) C
(a,b) and let ag := a and by := b. Let r = (b — a)/q be the interval length and
choose a € (0,1] to be the proportion of overlap between cover elements. Now
for1 <i<qg-—1,let

a; =a+ (i1 +a)r,
bi=a+ (i+1—a)r

This rule generates ¢ + 1 overlapping intervals. The parameter r is called the
resolution and controls the diameter of the elements; the gain « captures the
proportion of overlap [4].

The second scheme is based on the underlying distribution of intensity values.
Specifically, define Perc(z): [0,1] — R so that Perc(z) is the (100x)*™® percentile
of the range of f. Let ag = Perc(0) and b, = Perc(1) and for 1 <i < g —1, let

a; = Perc(i/q) — a(Perc(i/q) — Perc((i — 1)/q)),
b; = Perc((i + 1)/q) + a(Perc((i + 1)/q) — Perc(i/q)).

The cover intervals defined here correspond to subsets of the same size in the
underlying dataset.

3.3 Filtering

A filter function used to construct the mapper graph is a choice of real valued
function on the vertices. The most natural filter function to use for a volumetric
image P is the input data itself, i.e f(i,, k) = P(i, 4, k). Filters may also be con-
structed by viewing the volumetric image as a collection of foreground voxel co-
ordinates. For example, the z-filter f,: V(G) — R is defined by f.((4,74,k)) = k.
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Fig. 4. An example of a 2D image with three voxels. The resulting mapper is dis-
connected if the function is piecewise-constant, but connected if the function value is
interpolated along edges.

Similar filters can be constructed in the z- and y-directions and, more gener-
ally, from sweeping a plane with an arbitrary direction through the finite lattice
Ly p-

There are various ways we can extend a filter function to the voxel connec-
tivity graph. A natural way to construct a filter on a 3D volumetric image is
to extend a function f: Ly, ., — R defined on the vertices V(G) to the points
interior to edges of G. This can be done through linear interpolation between the
function values at the end points of the edge, but also by assigning the function
value of the closest end point of that edge, resulting in a piecewise-constant func-
tion. Figure [ illustrates how these two choices may result in a different mapper
graph. However, if adjacent voxels always lie in a common element of the cover
of the range of f, the resulting mapper is the same.

For our algorithm, we choose the piecewise-constant method of extending
the function to edges. In the context of CT images this choice makes sense
because the intensity values arise from the X-ray densities of the scanned mate-
rials. The overlap between cover elements is often chosen to capture adjacency
between certain materials. For instance, we might be interested when a material
of intensity 0 is adjacent to a material of intensity 1. However, if we use linear
interpolation, adjacent materials of intensities 0 and 3 would (falsely) appear to
be separated by a material of intensity 1.

In practice the filtering step takes advantage of the fact that no three cover
elements intersect. Consider a filter function f with the cover intervals

{(ao0,bo), (a1,b1), ..., (aq,bg)}-

Assume that ap < a1 < -+ < ag, as in our construction of fixed-width or
percentile intervals. By avoiding triple intersections between cover intervals we
can assume that f~!((ag,be)) and f~1((aryo,ber2)) are disjoint. Furthermore,
the preimages of intervals with even index are disjoint; similarly the preimage
of intervals with odd index are disjoint. Following [24], we exploit this fact to
construct two 3D label arrays to filter the data: Ly and L1, called the even and
odd arrays respectively. For b € {0,1}, define

20+0b if (i,5,k) € f~ ((azesp,b204p)) for some £ € Z
0 otherwise '

Lb(iaj7 k) = {
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Fig.5. Mapper on a 2D circular gradient image. The even (odd) array contains the
voxels corresponding to cover elements with even (odd) indices. Each region (black) in
the overlap between the two arrays suggests an edge in the mapper graph.

In other words, a non-zero value in Ly or L; at voxel coordinate (i, 7, k) is the
index of the cover interval that contains P(i, 7, k). Examples of even and odd
arrays are shown in Fig.

3.4 Clustering

In the point-cloud version of mapper, a clustering algorithm (e.g. k-means) is
required to separate points within the pullback of each cover element. In this
version for 3D volumetric images, clusters are defined by connected components
in the voxel connectivity graph. These components are dependent on the chosen
structuring element, as described in Sec. Further, they are sensitive to the
choice of filter function interpolation as described in Sec.

In practice, label the disjoint regions in Ly and L to generate arrays Ly and
L}. These arrays simply choose a labeling for each connected component in L;
and give each voxel in the connected component the same entry. The connected
components in these images are what will be used to determine the vertices of
the mapper graph. Note that the preimage of a cover element may have several
connected components.

3.5 Mapper Graph Construction

To construct the mapper graph, define an overlap array O as the logical AND
of L{y and L. The disjoint regions in this image represent the overlap be-
tween clusters. To identify the edges in the mapper graph let (i, j, k) be a voxel
coordinate in a connected component of O. The mapper graph has the edge

(Lo(i, 4, k), Ly (@, 4, k)).-

3.6 Implementation

While there is available open and closed-source code for point cloud input data,
to the best of our knowledge, no previous code is available for applying mapper
to 3D images. Open-source software to apply mapper to point clouds includes
an implementation in R [21], Kepler Mapper in Scikit-TDA for Python 3 [2],
and Python Mapper, which has a GUI for Python 2 [I]. The private company
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Ayasdi also offers closed-source software to generate mapper graphs for point
clouds, but not volumetric images.

Our implementation for 3D images is done in Python 3, using numpy [20] and
skimage [28]. It is open-source and available on Github [§]. This algorithm is
based on extending the ideas of [24] which is restricted to 2D images.

4 Example: The Shape of Barley

We apply our 3D mapper algorithm to a CT reconstruction of barley (Hordeum
vulgare L.). The specimen, a reconstructed spike, is shown in Figure |1l A spike
is an inflorescence bearing sessile flowers. Spikelets consist of single flowers
and are attached to the rachis (the backbone of the inflorescence) in groups
of three at each node, alternately arranged. Subtending each spikelet are two
glumes (bracts), and enclosing the seed of each flower are upper (palea) and
lower (lemma) bracts. From each lemma extends a prominent awn (a bristle-
like appendage) [23]. The seed of each spikelet has a conspicuously high X-ray
density. The surrounding organs of each seed, the awns, and rachis are less X-
ray dense. We use this example to show how different choices of parameters in
the mapper construction highlight different aspects of the data in question. An
interactive visualization of mapper applied to this barley scan is available at
egr.msu.edu/"eithunmi/js mapper.

4.1 Parameters

Our construction of mapper for images requires three main parameters: a choice
of structuring element, a filter function and an open cover of its range. In this
example we adopt 26-connectivity and give examples using both the intensity
filter and the z-filter. For each filter function, we consider different numbers of
evenly-spaced intervals and percentile intervals with different levels of overlap.

4.2 z-filter

The output of mapper with the z-filter is shown in Fig. @ Following [27], the
graphs are drawn to reflect the underlying data. Vertices are colored according
to the average value of the clusters they represent and their size is proportional
to the square root of the size of each cluster. Additionally, vertices are plotted
at the centroids of their underlying clusters in a 2D projection of the volumetric
image, which suggests the overall structure of the spike. The bristle-like awns
extend out from the nodes of the spike, and the individual spikelets from which
the awns arise are segmented along the central axis representing the rachis.
The correspondence of the mapper graph to the architecture of the barley spike
is because of the choice of direction of the z-axis along the rachis, which is
sensitive to the separation of the spikelets and awns from the main body of the
inflorescence.
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Fig. 6. Mapper graphs generated using the z-filter. The color bar shows the cover
elements on the range of the filter. The nodes are drawn in line with the average
function value of vertices represented.

4.3 Intensity Filter

The output of mapper with the intensity filter is shown in Figure [7] Like the z-
filter, the intensity filter summarizes the anatomical features of the barley spike,
but as defined by X-ray density, yielding a different graph. Clusters correspond-
ing to X-ray dense seeds all connects to a central node, representing the rachis.
Similarly, there are separate hubs connected to numerous edges corresponding
to awns and anatomical features surrounding the seed.

5 Discussion

New data analysis tools from the field of applied topology have provided previ-
ously unavailable insights on the shape of data. Applying mapper to 3D volumet-
ric images has implications for studying the shape and structure of 3D images.
In the future we plan to study other intricate plant structures including maize
and citrus using X-ray CT. Extending this algorithm to 4D images or using
time-varying mapper graphs could also be used to track morphological changes
over time or across species. Further structural information (at the expense of
computational cost) could be also constructed by removing the restriction on
triple intersections and producing a higher-dimensional simplicial complex. Re-
cently proposed parallelization schemes might make this more feasible [T2JIT].
Multiscale mapper approaches may also be useful for capturing structural details
at different scales [6].

Another important area for future work is parameter selection, which may
reduce noise in resultant mapper graphs. Recently a bootstrap method was pro-
posed to automatically tune mapper parameters by estimating the distance be-
tween mapper graph and the underlying Reeb graph [4]. Along with the rise and
the gain parameters used to generate a fixed-width interval cover, a § parameter
is introduced which corresponds to our choice of structuring element. To our
knowledge no process has been proposed to choose parameters for a percentile-
based interval scheme. Parameters could also be chosen based on some desirable
outcome, such as the connectivity or diameter of the output graph.
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Fig. 7. Mapper graphs for the barley shown in Fig. [§] generated using the intensity
filter with two different choices of cover. The locations of the vertices are drawn with
the Fruchterman-Reingold spring layout [9].

Concerning the input data, while the scheme proposed here solves a key
problem related to connectivity by imposing a graph structure on the data, the
clustering scheme is highly susceptible to noise. For example, if a connected graph
component in a preimage of a cover element has connectivity 1, the removal of
one edge would disconnect the graph. A way to combat this might be to use
graph connectivity measures to test each cluster. If a cluster is not connected by
sufficiently many edges it can be cut to form multiple clusters.
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